Existence and uniqueness result of the solutions to mean-field backward doubly stochastic differential equations (BDSDEs in short) with locally monotone coefficients as well as the comparison theorem for these equations are established. As a preliminary step, the existence and uniqueness result for the solutions of mean-field BDSDEs with globally monotone coefficients is also established. Furthermore, we give the probabilistic representation of the solutions for a class of stochastic partial differential equations by virtue of mean-field BDSDEs, which can be viewed as the stochastic Feynman-Kac formula for SPDEs of mean-field type.
Introduction
In this paper, we study a new kind of stochastic partial differential equations (SPDEs): Here, the function u(t, x) : [, T] × R d → R n is the unknown function, and {B t ,  ≤ t ≤ T} is an l-dimensional Brownian motion process defined on a given complete probability http://www.boundaryvalueproblems.com/content/2012/1/114 space ( , F, P). X ,x  t , a stochastic process starting at x  when t = , is the solution of one class of stochastic differential equations (SDEs), and E denotes expectation with respect to the probability P. In this paper, we call this kind of equations (.) McKean-Vlasov SPDEs, because they are analogous to McKean-Vlasov PDEs except the stochastic term dB t .
u(t, x) = E X
McKean-Vlasov PDEs involving models of large stochastic particle systems with meanfield interaction have been studied by stochastic methods in recent years (see [-] and the references therein). Mean-field approaches have applications in many areas such as statistical mechanics and physics, quantum mechanics and quantum chemistry. Recently, Lasry and Lions introduced mean-field approaches for high-dimensional systems of evolution equations corresponding to a large number of 'agents' or 'particles' . They extended the field of such mean-field approaches to problems in economics, finance and game theory (see [] and the references therein).
As is well known, to give a probabilistic representation (Feynman-Kac formula) of quasi- Our paper is organized as follows. In Section , we present the existence and uniqueness results about mean-field BDSDEs with globally monotone coefficients. We investigate the properties of mean-field BDSDEs with locally monotone assumptions in Section . We first prove the existence and uniqueness of the solutions of mean-field BDSDEs and then derive the comparison theorem when the mean-field BDSDEs are one-dimensional. In Section , we introduce the decoupled mean-field forward-backward doubly stochastic differential equation and study the regularity of its solution with respect to x, which is the initial condition of the McKean-Vlasov SDE. Finally, Section  is devoted to the formulation of McKean-Vlasov SPDEs and provides the relationship between the solutions of SPDEs and those of mean-field BDSDEs.
Mean-field BDSDEs with globally monotone coefficients
In this section, we study mean-field BDSDEs with globally monotone coefficients, which is helpful for the case of locally monotone coefficients. To this end, we firstly introduce some notations and recall some results on mean-field BSDEs obtained by Buckdahn, Li and Peng [] .
Let {W t ,  ≤ t ≤ T} and {B t ,  ≤ t ≤ T} be two mutually independent standard Brownian motion processes, with values respectively in R d and R l , defined over some complete probability space ( , F, P), where T is a fixed positive number throughout this paper. Moreover, let N denote the class of P-null sets of F . For each  ≤ s ≤ T, we define
Note that {F t , t ∈ [, T]} is not an increasing family of σ -fields, so it is not a filtration. We will also use the following spaces:
n-dimensional jointly measurable random processes {ψ t ; t ∈ [, T]} which satisfy:
is a Banach space endowed with the canonical norm
Let (¯ ,F ,P) = ( × , F ⊗ F, P ⊗ P) be the (non-completed) product of ( , F, P) with itself, and we defineF
We now consider the following mean-field BDSDEs with the form:
Remark . Due to our notation, the coefficients of (.) are interpreted as follows:
Remark . If coefficient f meets the following Lipschitz assumption:
There exists a con-
then it must satisfy conditions (A) and (A).
The main result of this section is the following theorem.
has a unique solution. In order to get this conclusion, we define
Then (.) can be rewritten as
and f fulfills
According to Theorem . in [], BDSDE (.) has a unique solution.
Step : Now, we introduce a norm on the space H
The parametersc and β are specified later. From
Step , we can introduce the mapping ( 
Consequently, I is a strict contraction on H  F (, T; R n × R n×d ) equipped with the norm
. With the contraction mapping theorem, there admits a unique fixed
On the other hand, from
Step , we know that if
is the unique solution of Eq. (.).
Suppose that: For some f : 
where β = |λ  | + λ
The proof of the above corollary is similar to that of Theorem . and is therefore omitted.
Mean-field BDSDEs with locally monotone coefficients
In this section, we investigate mean-field BDSDEs with locally monotone coefficients. The results can be regarded as an extension of the results in [] to the mean-field type.
We assume http://www.boundaryvalueproblems.com/content/2012/1/114
(A ) for any N ∈ N, there exist constants λ N ,λ N ∈ R such that, ∀y i , y i , z , z satisfying |y i |, |y i |, |z |, |z| ≤ N (i = , ), we have
(A ) ∀N ∈ N, there exists L N >  such that, for any y , y, z i , z i satisfying |y |, |y|,
We need the following lemma, which plays an important role in the proof of the main result.
Lemma . Under (A), (A )-(A ) there exists a sequence of {f
(iv) ∀m, f m is globally monotone in y; moreover, for any m, N with m ≥ N , it holds that We now present the main result of this section. http://www.boundaryvalueproblems.com/content/2012/1/114
Theorem . Let (A), (A), (A )-(A ) hold. Assume, moreover,
where θ is an arbitrarily fixed constant such that  < θ <  -α. Then mean-field BDSDE
Proof We now construct an approximate sequence. Let f m be associated to f by Lemma .. Then for each m, f m is globally monotone in y and globally Lipschitz in z. By Theorem ., the following mean-field BDSDE 
Hence,
Then it follows from Gronwall's inequality and the B-D-G inequality that
where C >  only depends on T, α, L and is independent of m. where
We next estimate I, II and III.
For the first term I, based on Hölder's inequality and Chebyshev's inequality, we have
For the second term II, due to the local monotonicity of f m in y and the local Lipschitz condition of f m in z, we obtain that for ∀M > , the following holds:
For the last term, we have
Applying Gronwall's inequality and the B-D-G inequality to the above inequality yields
where c >  is independent of m, k. Now passing to the limit successively on m, k and
Next, we show that (Y , Z) is the solution of mean-field BDSDE (.). To this end, we only need to prove that the following conclusion holds along a subsequence: 
where C >  is independent of m. As 
Therefore, we come to the conclusion of this theorem. Now, we discuss the comparison theorem for mean-field BDSDEs. We only consider one-dimensional mean-field BDSDEs, i.e., n = .
We consider the following mean-field BDSDEs: 
Remark . The conditions (i) and (ii) of Theorem . are, in particular, satisfied if they hold for the same generator f j (j = , ), but also if (i) is satisfied by one generator and (ii) by the other one.
Proof Without loss of generality, we suppose that (i) is satisfied by f  and (ii) by f  . For notational simplicity, we setξ :
By Itô's formula applied to |Ȳ + t |  and noting that ξ  ≤ ξ  , it easily follows that With the assumption (A), we obtain 
Decoupled mean-field forward-backward doubly SDEs
In this section, we study the decoupled mean-field forward-backward doubly stochastic differential equations. 
